Abstract: Leasing decision-making problems have attracted attention in recent years mostly benefiting from operational research tools. This paper investigates crucial missing assumptions from the newly emerged integrated sales-leasing problem (ISLP). New assumptions are considered such as price adjustment costs, for employing impact of price changes, and differential inflationary condition under which lease payments and operational costs are deflated and inflated respectively. Impact of default risk has been considered by variance of net present value in objective function. The ISLP mathematical model has been developed with new constraints and objective functions. Also, the conditions of Taylor expansion approximation have been discussed for model parameters. Optimal and Pareto solutions have been obtained for small and large size sample problem by exact approach and a meta-heuristic algorithm. Eventually, sensitivity analysis has been provided for parameters of model such as optimal revenue, risk and lease payments behaviour in terms of increase in various inflation rates. Results show that for the competitive inflation-sensitive demand functions, an increase in inflation, causes less demand for purchase and more risk for leasing and therefore a decrease in total revenue.
Motivation
Leasing has been introduced as an alternative for purchasing in recent years. Actually, inflation increase causes less buying power in developing countries. Deploying leasing, customers are assumed to pay less than the total price for using a product or service. On the other hand, leasing rents are not affected by inflation rate and their value decreases as time passes. These reasons make us to investigate offering leasing policies along with selling policies in a manufacturing unit. A new concept called differentiated inflation is also defined to consider the fact that general inflation rate increases other than labour and products inflation rate which is alleviated considering a differential inflation rate. Due to competitive nature of nowadays' markets, some customer encouraging policies such as rebate is also considered and as a result price adjustment issues are bolded. Also, risks of not paying rents should be considered in leasing models and minimised which is modelled through introducing a new variance-based objective function. All these aspects make our model a better fit for real world problems and can help policy makers in recognising the best sale and lease strategy.
Introduction
The concept of leasing first appeared during the 1950s. After that, leasing began to become a choice for customers aside from purchasing, renting and borrowing. By leasing or renting it is possible to utilise the technology with lower payments for shorter periods. In other words, instead of spending a large amount of money to buy equipment, we benefit the services provided by a company with a lower payment and by preventing capital accumulation, leasing helps customers/firms avoid high costs (Cosci et al., 2015) . There are differences between lease and debt which should not be misunderstood to be the same. Renting addresses a short-term agreement other than leasing. There are fluctuations in rental rate, but leasing rates are specified at the beginning of the contract. In renting, charges like insurance and repairs are on the side of contractor, but in leasing the sides can negotiate an agreement. There is also a difference in the end of contracts. At the end of lease period the lessee may purchase the leased product, or return it or he/she may replace it with a newer one under some additional conditions. Advantages of leasing stimulated enterprisers to lease products. Some of these advantages are as follows:
• By leasing equipment, instead of spending a large capital at once it is paid gradually, hence an equivalent cash flow appears. In other words, there is no need for a large initial investment considering leasing and the mentioned equipment will be available by less capital (Liu et al., 2014) . This can also reduce inflation in an economic sense.
• Besides, maintenance periods are organised regularly by lessor and reduce his or her costs because residual saving depends on lessor (Murthy and Jack, 2014 ).
• The lessor receives the tax benefits of equipment.
• Equipment's obsolesce risk transfers to the lessee.
• The lessee can become aware of the equipment's features and performance before making any expensive decision.
• By leasing, lessee can spend his/her capital in other transactions with more rate of return.
Various options appear at the end of leasing contract. In general leasing is classified into finance leasing and operating leasing. Operating lease lasts for a period less than products' life and as it is titled for operating purposes. Leased products may be remanufactured and sold after the contract expires or experience one of the end of contracts' conditions in order to maximise revenue. If ownership transfers to the lessee at the end of lease contract (that is a period including the most part of products' life), leasing is financial type. Finance leases are usually considered to be net lease contract in which the lessee pays for expenses such as insurance, tax, maintenance, etc. and equipment ownership transfers to the lessee at the end of lease contract. Sometimes, lessee affords payment of lease contract through loan or debt. In this regard, leasing is classified as leveraged and non-leveraged lease. In leveraged lease, the lessee provides a percentage of payment on debt or loan (from bank or lessor). Then loan returns are included in leasing rents. Meanwhile appropriate pricing strategies are an essential concern to attract more customers, cover costs and maximise profit. Policies like rebate and bargaining and other promotions are potentially discussed in the course of pricing. Production costs and expected revenue can influence pricing. It is clear that pricing is an important discussion in inventory control and must be considered simultaneously. Application of mathematical models and operational research tools have attracted attention in recent years with employing the rich joint pricing and inventory planning (JPIP) literature into leasing decision-making problems. In this paper the crucial missing assumptions including adjustment costs and different inflation rates for prices and operational costs from the newly emerged integrated sales-leasing problem (ISLP) have been investigated and developed for a new mixed integer bi objective model. In order to highlight the role of default risk in the ISLP problem which can highly affect the pricing strategies of company and in turn the behaviour of customers, a variance-based objective function has been specifically designed to minimise risk. Adjustment cost has been employed in the decision-making model to consider price changes in different periods. A constant physical cost rises due to price changes which should be considered along with other costs (Cabral and Fishman, 2012) . The role of inflation has been made transparent by defining a new inflationary condition namely differential inflationary under which the lease payments and operational costs are deflated and inflated by different rates. This is the first time to consider all these aspects in leasing decision-making problems which makes our model a better suit for real world problems.
The rest of paper is organised as follows. First a categorised comprehensive relevant literature of the fresh field of integration of production planning and lease and sales pricing is presented in order to provide an insight for readers. The proposed developed mixed integer bi-objective mathematical model is presented in next section along with the supplementary assumptions. Methodologies and proposed approximations (along with the proofs and mathematical conditions) used to solve the problem are explained in next section. Then the numerical results obtained from solving small size and large size problems have been presented along with sensitivity analysis for important model parameters. Eventually remarks and conclusions have been summarised.
Relevant literature

Leasing
The difference between leasing and debt is vivid and many researchers have discussed various problems on these issues based on the challenges firms might encounter. Also, ownership strategies and leasing contract types can vary due to different situations. For those readers not familiar with these aspects of leasing that can be potential in designing decision-making problems, some of the works worth mentioning that can give useful insights are as follows. Lin et al. (2013) explored the issue of leasing versus debt. They showed that a firm chooses to lease or borrow according to its constraints on funds and fiscal fluctuations. Kang and Long (2001) considered that efficient elements in order to decide the proportions of lease and debt included in the firm's fixed financing. They concluded that firms with stable fiscal condition lease less and firms with lower predicted tax rates consider leasing more.
Degl'Innocenti and Girardone (2012) surveyed ownership and diversification structures in Italian leasing sector markets. They used random parameter cost frontier model in order to analyse costs efficiencies of leasing. They clustered leasing companies based on diversification indexes: the entropy index and loan diversification index. A typical ownership strategy was addressed by Landry et al. (2013) called family ownership. Fiscal consequences of assumed strategies bring about a choice between leasing and buying. In these firms decision making do not merely depend on economic factors but also on the emotional dimensions within the family business called socio-emotional wealth (SEW). Li et al. (2016) investigated leasing determining factors for small-and medium-sized enterprises in China. In their research, debt ratio, tangibility, and profitability have negative effects on leasing share. Also, they showed that firm size, tax, and financial distress positively affect leasing share decisions.
Joint pricing and inventory planning
Almost all of the joint pricing and production planning models in literature have paid attention to the fact that in order to satisfy the customer, variety of products, low prices and on time deliveries are the best options to pursue in decision-making processes. Off course all of these factors will be considered in a way to maximise the difference between revenue and the cost of satisfying customer.
The first study to consider pricing policy and inventory decisions simultaneously was by Whitin (1955) . This study contained some simple assumptions, including one product in a one-period horizon with deterministic demand varying non-ascending based on price variation. Whitin (1958a, 1958b) were the first to enter the decision-making variable of price into production planning mathematical models. Thomas (1970) developed the same model with the difference that the time horizon was split into multiple periods, and production variable costs were linear. He considered the setup and inventory holding costs distinct in each period. Bhattacharjee and Ramesh (2000) designed a model with infinite capacity and a constant-elasticity demand function. Kunreuther and Schrage (1973) developed this model to a state where only one price has to be determined for the whole planning horizon. Although a same model was also developed by Gilbert (1999) in which he showed that the sum of production and inventory costs is a piece-wise linear function in terms of price. Kunreuther and Richard (1971) introduced a linear function of demand and price with equal coefficients for demand density function, in which the model was also designed dynamic so the demand could vary only over time. Gilbert (1999 Gilbert ( , 2000 revised their model and claimed that the number of customers who are not sensitive at all to price at all is negligible thus eliminating the constant coefficient of the linear demand function and also considered the seasonality coefficient of demand variable for different periods. As another typical survey on these fields, one can refer to Smith et al. (2009) , where they developed a generalised model of joint pricing and inventory decisions in which an exponential demand function is used and analysed parametrically.
Demand functions in JPIP
The variety of price dependent demand functions in inventory problems continues to grow. Roy and Chaudhuri (2007) used a price-dependent demand function for a deteriorating item's inventory model along with the concept of special sale campaign for a festive season. Later, they developed another inventory model for perishable items this time considering the demand-function dependent to price and also time which also brought the time value of money into discussion (Roy and Chaudhuri, 2010) . Singh and Vishnoi (2013) considered an inventory model for ameliorating and deteriorating items in which the demand rate decreases as the sale price increases. Sana (2011) considered a price-sensitive function in which demand decreases in a quadratic manner in terms of sales price for a developed finite time-horizon deterministic order quantity model. In a recent work he considered a random sales price-sensitive demand function, (Sana, 2012) . Panda et al. (2012) designed a mathematical model with considering a demand function dependent to stock and price to address a single-item inventory model. Shi et al. (2011) presented a mathematical model providing the production planning of a multi-product closed loop system. Also, rebates have been considered in problems employing price-sensitive demand functions. Chiu et al. (2011) consider rebate and returns in coordinating supply chains. They show that a policy that combines the use of wholesale price, channel rebate, and returns can coordinate a channel with both additive and multiplicative price-dependent demands. Huang et al. (2013) also provide a comprehensive survey on demand functions specially those employing price, advertisement, quality and rebate. Some recent works have considered applying this field to problems with specific assumptions. For instance Tsao et al. (2014) have proposed two different models for join pricing and inventory planning of hi-tech products like computers with replacement warranty. Panda et al. (2013) have applied a price and time dependent ramp-type demand function and proposed a discount policy for minimising inventory deletion for joint optimisation of pricing and lot-sizing problem of perishable products.
Application of mathematical models in leasing decision-making problems
An emerging field in recent two or three years have been employing operations research tools in leasing decision-making problems considering its competition with sales, and also other aspects such as pricing and inventory planning problems. Aras et al. (2011) considered a company that leases newly manufactured products, and sells them at the end of their leasing contracts along with some remanufacturing. They assume that remanufactured products also have their own demand between customers, and in case they are backlogged, the company orders new ones from subcontractors to satisfy the need of customer. Hajej et al. (2015) declared that manufacturers tend to lease expensive production equipment rather than purchasing them. They investigated degradation rate of equipment based on production rate and developed a theoretical framework for pricing products under different maintenance conditions. Fatma et al. (2014) investigated leasing of production equipment for a multi parallel machine production line based on demand rate and service level. They also surveyed leasing policies and designed a variable-numbered workstation problem considering demand to minimise production and inventory costs. Agrawal et al. (2012) compared leasing and selling in an environmental basis as well as maximising profit. Due to lifecycle of a durable product and its environmental effects, in some cases it would be appropriate to remanufacture leased products. Remanufacturing advantages were specifically discussed in the study of Yalabik et al. (2014) in the context of comparing two companies utilising leasing, with one of them remanufacturing its products. In their approach, products were able to be disassembled for their useful parts; or could be reassembled for newer production options; or just be sold for a lower price in a second market. Wang and Hsu (2014) emphasised that technology brings about a decrease in lifecycle of products and developed a closed loop supply chain model to upgrade or remanufacture products. They declared that a way of selling a product's function is leasing and determining a periodical leasing model to optimally reuse durable products. They proposed leasing as a way of managing customer relationship by modifying quality and quantity of used products.
Hariga (2011) represented a model in which the capacity of warehouses was not enough for economic order quantity. Due to space limitation, additional required storage spaces could be leased either on a fixed long-term basis or flexible contracts. Chang and Lo (2011) investigated a leasing problem where the enterpriser used different equipment required in a temporary short-term or long-term basis. They maximised profit of the lessor by deciding about the revenue of lessor and maintenance schedule. Maintenance policies for leased products were later studied by Schutz and Rezg (2013) . They assumed maintenance costs and employment were undertaken by the lessor. The goal was to reach minimum reliability accepted by lessee for leased products. Yeh et al. (2011) also, considered maintenance strategies for leasing products. They mentioned that determining lease period has important role on PM policy occurred in lease contract. An assignment mathematical model was designed in Keyhanian and Rabbani (2012) for a leasing company seeking to assign the right quality and right contracting method to the right customer by analysing their credit profiles. Also, a non-cooperative game model was introduced for the inflation-brought competition between sales and leasing with the players having pricing methods and quality levels as their strategies. From solving the game model by Nash equilibrium, it was concluded that the best strategy does not necessarily involve best quality and best pricing method.
In a later study (Keyhanian and Rabbani, 2014b) , a partially similar but ameliorated model was developed for an ISLP with adding various new assumptions such as credit profile for customers, nonlinear demand functions for purchasing and leasing with two objectives of maximising revenue and turn-over respectively. The first objective of this model was discussed in details of the proposed cautious behaviour of customers in a recent work, Keyhanian and Rabbani (2014a) where the analysis included the behaviour trends of different variables such as sales price and lease initial price due to various trends of inflation vectors through multiple time periods. Also, they showed that changes in inflation level would affect rebates and bargaining values to retain customers. Patil and Shah (2016) investigated sales and production planning of a new product. The study was designed to consider scarcity, retarding, and hype effects on a newly introduced sales and pricing. They also determined strategic delay and retarding effects to optimise product sales policy. In their study, supply constraint was considered with a fixed market share. Under these assumptions, they displayed that product build-up period depends on the length of its retarding period in order to gain maximum profit. Rao and Rao (2014) analysed inventory models for deteriorating products. Delay was also allowed in payments under inflation in their EOQ inventory model. In their model demand depended on time and selling price and net profit rate function is optimised in order to obtain best price and sales time. Along with sales, purchasing interests can also be investigated which is beyond the scope of this study but one can refer to work of Mikkelsen and Arlbjørn (2015) .
Chen and Hu (2012) considered a price adjustment cost in their model. They addressed a single product with deterministic demand, and a finite planning horizon. They paid attention to the cost of changing prices at the beginning of each period; then they developed polynomial time algorithms to find the optimal pricing and ordering incorporation. As a result of rational pricing, holding costs (due to duly depletion of warehouses) and costs of obsolesce or expiration can be cut down. Saha (2015) proposed a deterministic inventory model with time and price dependent demand where holding cost, purchase cost, price change cost and setup cost were considered. Li et al. (2015) examined a cost learning pricing approach for a two-period supply chain. They utilised Stackelberg games for obtaining equilibrium between pricing decisions on manufacturer's production rate and retailer's procurement rate. They showed that variability in learning rate and market would cause a product carryover.
Putting previous works altogether, it can be concluded that there have been some crucial missed assumptions that can be effective on pricing and inventory planning of an ISLP problem. In this paper, an effort has been put to modify some aspects of the ISLP problem.
First in order to highlight the role of default risk in the ISLP problem which can highly affect the pricing strategies of company and in turn the behaviour of customers, the second objective of the mathematical model has been specifically designed in a standard deviation manner to minimise risk.
Second, the concept of adjustment cost has been employed in the decision-making model since due to the changing behaviour of demand functions in terms of inflation variation; the prices can change from period to period. This is an assumption which has been missing from previous works and has not yet been considered in leasing decision-making problems.
Third, the role of inflation has been made transparent by defining a new inflationary condition namely differential inflationary under which the lease payments and operational costs are deflated and inflated by different rates. The concept first brought up by Cukierman and Wachtel (1979) that divergence of views about future inflation rates which leads to different inflation rates, has a positive relation with variance of demand shocks. The present paper considers the application of this type of inflation for leasing decision-making problems and the emerging ISLPs for the first time.
Objective
In this paper, an ISLP is investigated through which the customers are able to lease products on a monthly basis payment instead of spending a great amount of money at once for purchasing. This alternative makes more sense when inflation rate is high and therefore, customers face difficulties for affording of goods and services. This motivates us to survey and propose leasing policies considering relatively exhaustive aspects of it in real world conditions. Thence, the producers are supposed to provide two feasible approaches for customers to afford a product or equipment.
Additionally, the objective of paper is to maximise sales income of lessor, net value of leasing receivables, and also residual value. Considering adjustment costs, shortage and maintenance costs, and rebate in determining sales and leasing amounts makes our proposed model a better fit to real case production planning problems.
Since rents for leasing do not inflate and are distributed along a time period, it turns to be a charming alternative for customers in this case. Also, inflation is discussed and explained from a novel point of view in this research. Although rents do not inflate, for lessor the value of monthly payments decreases due to inflation gradually. In a real case, operational costs inflate with a rate other than general inflation rate which is considered as differentiate inflation rate in this paper. In the other hand, sales price of products inflates with general inflation rate. To achieve a clear image of inflation effects, differentiate inflation rate is proposed to provide lessors with a more specific understanding of their income and to make an effective decision. Another reality which a lessor should consider is the probability of not paying rents which puts a part of lessor's capital in risk. To be more realistic, this probability is defined in context of a random variable which is actually the present value of income in which the minimisation of its standard deviation reduces the risk and adds another contribution to this research. As discussed here, the paper also aims to cover the uncertainties of real world for the so-called ISLP as much as possible.
Hypothesis
Hypothesis of proposed integrated sales leasing problem are as follows:
• It is supposed that as inflation rate increases, the desirability of leasing rises and purchase demand declines.
• A rise in operational costs inflation rate results in a decrease in fascination of leasing.
• As adjustment costs compensate price fluctuations and keep them stable unless price increase is much bigger than adjustment costs.
• Inflation rise increases leasing rents payment.
• Inflation rise boosts the risk of inability in paying leasing rents.
• A rise in risk decreases total revenue.
• Increase in inflation rate results in an increase in revenue (because customers panic and demand increases) and then revenue decreases.
Proposed bi-objective mathematical model
Theoretical model definition
Assume a manufacturing company's marketing department with two revenue-making policies; sales and leasing. In fact, manufacturer decides to propose leasing when inflation rise results in a decrease in purchasing demand. The company produces multiple products in multiple periods and due to the dynamicity of the problem it encounters holding costs of inventory, shortage costs, adjustment costs and operation costs as well.
The aim is to define the optimal volume of products manufactured both for leasing and sales in order to maximise whole revenue and minimise default risk for leasing. For the latter, the present value of leasing will be considered as a random variable. This is because of the possibility of not paying rents by customers which is included in proposed model as a probability and changes leasing net present value (NPV) to a random variable. Standard deviation of this random variable brings about a contribution in our variable showing that how much of lessor's revenue is at risk or in other words what is the value at risk for the leasing department. Clearly this will be defined as an objective to be minimised.
On the other side, inflation rate plays an important role for the company and its variation can often confuse the decision makers. The company aims to consider inflation accurately to have a clear understanding of its costs and revenues. Hence, all the components are included in the model under the assumption of inflation rate effects. Here a differential inflation rate is considered to apply the effect of inflation in lease payments, operating costs and sales prices. Other assumptions are as follows.
Assumptions
1 The inflation rate considered for company's products and costs is not necessarily equal to the general inflation rate and their difference is represented as the differentiation inflation rate which is deterministic for each period.
2 Average operation costs and lease payments are inflated by differentiation inflation rate while sales prices are inflated by general inflation rate.
These two first assumptions ensure an exact analysis of inflation rate. Since leasing rents values decrease as inflation increases but there is a different inflation rate of products and labour costs. This differential inflation rate helps lessor have a better understanding of his investment.
7 The rebates (for both sales and leasing) are confined by a known percentage of MSRP.
8 The decision-making periods are considered annual.
9 Adjustment costs are assumed as a raw value before rebate and are applied due to price changes from one period to another.
10 Inventory shortage is allowed both for leasing and sales and the cost for lost sales and lost leasing contracts is included.
11 The variety of lease contracts is based on their length which is sufficiently high; that means more than 30 months.
12 Average operation and maintenance cost of products are known.
13 The purchasing and leasing demand functions introduced by Keyhanian and Rabbani (2014b) have been used.
14 Each customer has a credit profile specified by a probability of inability of paying one month's rent.
Competitive demand functions for cautious customers
The demand functions used here first introduced by Keyhanian and Rabbani (2014b) , benefit from the fact that there is inflation brought competition between sales and leasing. That means when inflation increases, the purchasing power of customers decreases so they would more likely choose an option like leasing and pay gradually rather the losing a huge amount of money. Also, these functions consider that the customers are cautious. That means in the beginning phases of inflation growth the customer would panic (judging that the inflation can go even worse in future) and they would increase their demand for purchasing as long as they can afford it.
The demand function is assumed to be an exponential function in this paper. In one hand, a rise in prices results in a decrease in demand for linear functions which does not fit the real-world problems and demand rate may decrement faster. In the other hand, customers are assumed to be conservative, which means when inflation rate increases, demand increases to a great degree at first place and then the increasing pace declines. This decline continues until their ability to afford products hinders them from purchasing or leasing. In this situation, the decreasing rate is not stable yet. In other words, the customers' demand changes variably and causes variability in demand function's gradient. This is true for sales and lease demand functions. So, using exponential demand function is justified and makes a better fit.
Equations (3) and (4) in the mathematical formulation section present the formula of these functions. Figure 1 shows an example. First the cautious customers increase their demand from near 60 up to 80 units. But when the growing inflation reaches near 10% they give up. Meanwhile by the increase of inflation the demand for leasing grows. Since in real world problems, the cases in which inflation goes higher than 50% are negligible, the left part of the functions' behaviour is mostly important to the mathematical model. Source: Keyhanian and Rabbani (2014b) 6. (Newnan et al., 2004) : 
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Further explanations
The proposed model is consisted of two objective functions. The first objective function maximises total profit. Its first statement represents income through sold products and NPV of leasing receivables. We have assumed that these monthly payments do not inflate. The general annual inflation rate is considered to be f t . So, a differential inflation rate '-f t ' is assumed when leasing payments are discounted back to obtain net present worth. Since this negative inflation rate makes the leasing monthly payments' present worth less than expected for the lessor, a decrease in present worth of these payments is perceivable. This leads to a geometric cash flow series of payments that is discounted and included in objective function. The same goes for leasing costs.
The second statement in first objective function represents the NPV of residual values. The periods within leasing contracts have been considered monthly. For an instance assume that a 12-month leasing contract is closed in the first period. We have N(k) = 12 and t = 1. Thus N(k)/12 + t -1 = 1 which discounts RV or in other words calculates the NPV of RV for just 1 period. For N(k) = 24 and t = 2 we have N(k)/12 + t -1 = 3 which means if a product is leased in the beginning of second period for 2 years, the RV will be retrieved for a 3-year period. This way of formulation helps not ignoring the profits that can be received even after our decision-making horizon. Other costs are: costs of adjusting prices from one period to another, shortage costs both for leased products and products for sale and holding costs at the end of each period.
The second objective function (2) aims to minimise the standard deviation of NPV's random variable and therefore implies the default risk. By defining this objective function, we actually seek to find the optimised number of products i manufactured in period t for demand of customer j that minimises the risk of lessee's inability to pay rents. A minimised standard deviation shows the least possible fluctuations of expected profit and thus least possible risk.
Statements (3) and (4) provide the formulas of ISLP demand functions. Statement (5) shows that the total volume of production both for leasing and selling should be less than the production capacity. Statement (6) simply provides the inventory balance for ISLP. Statements (7) and (8) imply shortage for sale and leasing respectively. Shortage is defined as the difference between units leased or sold and respected demand for each of them. Constraints (9) and (10) show that leased or sold units should be at most equal to their relevant demand. Although, these two constraints have just been provided for emphasis, and they can be resulted by constraints (7), (8) and (23). Statement (11) represents the inventory balance at the end of period t.
Constraints (14) and (16) consider upper and lower bounds for including rebate in price of sale and leasing respectively. The bounds are defined as a percentage of MSRP. Statement (15) represents leasing down payment value considering rebate. Leasing monthly payments are calculated by equation (17). Statements (18), (19) and (20) are defined to include adjustment costs. Due to dynamic nature of problem, manufacturing quantity may differ from one period to another. These changes in quantity follow additional costs like advertisement and informing customers of price changes. As a consequence, prices would change and rebates should be adjusted to prevent price fluctuations. So, we will encounter three situations: If there are no changes in quantities and therefore in costs, there is no need for adjustment costs and we have, 0 , ,
If there is an increase in costs we have,
And in the case of a decrease in costs we have,
Consequently, we have, 
Solution methods
In order to solve the problem, two general approaches were taken into account. In order to reflect the applicability of the problem, the model was solved in two sizes: small and large by generalised algebraic modelling system (GAMS) software's BARON solver and a genetic algorithm (GA) for large size problems. The exact solution method solves the small size problems. Also, it provides a clear understanding of the results and optimal solutions. Verification of proposed meta-heuristics method can also be acquired using the exact solution method. First, the results of GA are validated with solutions obtained from GAMS. Then, the verified GA is applied for large size problems. The L p -metric and weighted sum method were used respectively for gathering the two conflicting objectives. Before starting to solve the model, some approximations have been proposed to alleviate the complexity caused by ISLP's nonlinear demand functions. These approximations have been presented here and their performance has been proved due to comparison with the original designed demand functions. Conceptual framework of the present study is developed in Figure 2 .
Proposed approximations and proofs
In order to simplify the demand functions and thus to decrease run time, Taylor's series is utilised to approximate demand functions. Readers who are eager to investigate the mathematical background can refer to (Apostol, 1967; Marsden and Tromba, 2003 
There could be two Taylor expansions of exponential functions for x → 0, as follows: Step 4
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Determine inventory costs for leasing and sale Step 1
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Methodology for large size problem
GAs have proved to work well for combinatorial optimisation problems. They provide satisfactory solutions for a variant range of optimisations problems. GAs capabilities for mixed optimisation multi-objective problems make them a suitable method to be implemented in large size problems of this papers problem. The problem is worked out with GAMS and proposed GA. The results are compared to investigate the validity of the proposed algorithm. If GA is verified, it can be applied for large size problems. The weighted sum method is also the simplest approach and probably the most widely used classical method for multi-objective programming. The method normalises the set of objectives into a single objective by multiplying each objective with a user-supplied weight. Weights depend on the relative importance of each objective function and also the decision maker's preferences and knowledge. Here, disperse weighted vector were produced to attain Pareto optimal solutions.
Numerical results
Small size sample problem
Two customers are considered for small size problem for two periods with two kinds of products and two leasing contract types are available. Table 1 show the used input data for parameters and Table 2 shows the optimal results obtained both by GAMS and the used GA which are almost the same. Table 1 Data for small size problem Clearly the solution can be improved by increasing numbers of iterations or using a hybrid approach for better initial solutions. In a multi-objective approach, the problem was solved with disperse weighted vectors. By assigning different weights, Pareto optimal solutions are obtained. These solutions implied that there is no unique optimal solution and instead we have a set of solutions that have no preference to each other. Therefore, the final combination of production would be in the set of Pareto optimal solutions and based on decision maker's preference and real world conditions. Disperse weighted vector is depicted in Table 3 . The first row of table shows the weights assigned to first objective function and the second row implies the weights assigned to the second objective function. The problem is solved for each value and results are extracted into Table 4 . 
Large size sample problem
To define the problem in a large size, four customers and four kinds of products are considered in fifteen periods with three leasing contact types. GA is applied for the data. Results for large sample size are included in Tables 5 to 9.  Tables 5 and 6 show numbers of products to satisfy purchase demand and leasing demand, respectively. Considering these tables, the production plan of leasing and sales is determined. The two tables are considered simultaneously to determine the total production rate. To provide a distinct look, the total production plan is represented in separate tables to determine sales and leasing products' numbers exclusively. Also, Figure 3 shows the convergence of GA algorithm to the optimal solution.
Sensitivity analysis
Analysing the models sensitivity to some important parameters can provide a useful insight. The solution data of small size sample problem leads to demand trends depicted in Figure 4 . As it is clear, the sample problem showed similar behaviour for demand functions as mentioned before. As it is shown, purchase demand declines as inflation rate increases. This means a decrease in customers' ability to afford products.
As general inflation rate in A kt decreases, both the numerator and denominator of A kt decrease but not with the same pace. So, differentiation inflation rate that affects the objective function decreases. In other words, decline in general inflation rate and its direct effect on differentiate inflation rate for leasing decreases the value of rents. Besides, the rise in inflation rate decreases the value of rents further. Therefore, monthly payments of a leased product are more economical for customers which turn leasing to be a desirable alternative and increases customer leasing demand. This causes an increase in leasing demand. In the case that differentiation inflation rate for leasing payments is equal to monthly return rate, an increase in general inflation rate causes a decrease in leasing payments; a point which is worth taking into account in the case of leasing. Table 5 Optimal number of products for sales (row = j, column = i, t) Table 6 Optimal number of products for leasing (row = j, column = i, k, t) Similarly, as operational costs inflation rate in B kt increases, both the numerator and denominator of B kt decrease but not with the same pace. Since differentiate inflation rate raises to power N k in the numerator but without any exponentiation in denominator and it has a value between 0 and 1, the reduction pace in denominator is more than numerator which raises leasing costs. Generally, an increase in leasing operational costs inflation rate causes an increase in leasing costs and therefore follows reluctance toward leasing unless an increase happens in general inflation rate too. In other words, increase in the gap between general inflation rate and operational costs inflation rate, reduces leasing attraction.
It is clear that for high adjustment costs, fluctuation in prices decreases. If adjustment costs are substantial in terms of the revenue obtained by the first objective function, the model will notice them and will try to minimise these costs. If adjustment costs are low and increase in prices increases the revenue, the model will ignore them and will raise prices to gain more profit, otherwise it will not change the prices. Hence, the producer should decline adjustment costs as much as much possible to be more flexible in rising prices and profit making. Otherwise, rising prices will not inevitably result in profit making. As an example, in the case of high adjustment costs z jit takes these values for period two: 1 decrease in prices of product 1 for customer 1 0 decrease in prices of product 1 for customer 2 0 decrease in prices of product 2 for customer 1 0 decrease in prices of product 2 for customer 2
So, decrease in prices is allowed in just one case.
Figure 5
Leasing payments as general inflation rate increases (see online version for colours) Figure 5 shows that in the case of increase in general inflation rate, leasing payment increases. In fact, as inflation rate increases, purchasing power and the value of rents decrease during the time. As a result, customers find leasing more economic for which they pay rents with lowering present value. In Figure 6 , the associated risk of leasing payments is considered in the case of an increase in general inflation rate. The raise in mentioned rate causes raise in payments and consequently a raise in the risk. In other words, an increase in inflation rate makes customers more reluctant to leasing. Leasing increases the probability of not paying rents and therefore, more capital will be at risk. The unknown decrease in the figure may be interpreted as a result of unknown random variation in A kt and also variations in the number of leased products. Figures 6 and 8 depict increase in risk followed by a raise in inflation rates. Figure 7 also represents that leasing payments rise as general inflation rate and operational costs inflation rate increase. To be more specific, the rise in operational costs inflation rate increments lessor's costs. To compensate this rise, the lessor increases leasing payments. Figures 9 and 10 show revenues optimal trend in terms of general inflation rate and operational costs inflation rate increase. They show that with these competitive demand functions, an increase in inflation, causes less demand for purchase and much tendency for leasing instead of spending a large expense. Consequently, more risk for leasing and a decrease in total revenue takes place. Additionally, as inflation raises, the revenue increases and then decreases. This is because customers are cautious and assume that the situation will be worse in future. So, their demand rises at first and then declines. 
Conclusions and future directions
In this paper, a new formulation of application of JPIP in ISLP is developed. For the first-time assumptions, such as shortage costs, price adjustment costs and differential inflationary condition for lease payments and operational costs are implemented to the ISLP. These assumptions enhance the applicability of model and make it follow real conditions in a more realistic way. Different leasing contract types in terms of their length were considered to provide an insight for lessor to how to assign contracts to specific customers. Two different inflation rates are considered; general inflation rate which can be used for all the products and services inside a government territory, and a specific inflation rate which can be used for merely from manufacturer's point of view. Both of which leaded to the differential inflation rate formulated in the model. Additionally, A bi-objective mixed integer nonlinear mathematical model is developed; first objective representing the profit and the second representing the lessor's risk by considering a variance of important factors gathered together. The second objective function relates to a part of lessor's income which is in risk and is one of the contributions of this paper. The previously designed competitive purchasing and leasing demand functions for ISLP are used to reflect the tendency behaviour of customers in terms of different parameters and variables such as inflation, prices and rebates (or in case of leasing, bargaining) respectively. In order to reduce the complexity effect of highly nonlinear exponential demand functions, a possibility of Taylor expansion approximation is discussed along with the required mathematical conditions for some of the model's constants and parameters. Fortunately, the approximation covers a satisfying range of values for parameters and can be further developed with an enhanced performance in future works.
According to an L p -metric and weighted sum method (WSM) approach for exact (GAMS software's BARON solver) and meta-heuristic algorithm (GA) respectively, the conflicting objective functions are normalised into one function. First the optimal solutions are presented for a small size sample problem along with Pareto solutions employing different weight vectors and also the model's sensitivity of objectives is depicted in terms of different inflation rates. A large size sample problem is solved presenting reasonable solutions which reflect the applicability of model in real world cases.
The rise in inflation rate brings about a decline in rents value during the time and also a decrease in customers' ability to afford goods and services. This is why leasing turns to be a charming alternative for customers. Rapid technology development also makes leasing more interesting since customers can change the product as soon as they feel obsolesces of it. Moreover, as operational costs inflation rate increases, leasing becomes more desirable for customers. This happens only when general inflation rate increases and if the differentiate between these two rates increases, leasing will not be a pleasant choice.
Adjustment costs help manufacturers keep their prices stable unless adjustment costs are trivial in comparison with the rise in product price.
Results show that as inflation rate increases, customer demand tends to increase at first and then decreases.
Due to the economic nature of JPIP-ISLP models, it is recommended for future works to avoid general concepts and include special economic concepts such as an integration of a secondary mathematical model for differential inflationary expectations for the model. The researchers are also encouraged to develop the proposed model with more assumptions such as remanufacturing or replacement analysis, and most importantly other known categories of crucial risks which can be significantly effective on a lessor's decision making. Another future research direction about integrated sales leasing problem is to investigate customers' behaviour for purchasing and leasing. Technology development and increasing competitiveness of companies make it critical to consider customers' interests and expectations. So, customer relationship management issues can be an interesting subject for eager researchers.
One of the progressive trends in pricing is the issue of hype in which manufacturers avoid supply of products for a while to raise prices. But the product will experience obsolesces because of retarding its progress. The problem is to find a trade-off between price and supply time to optimise profit. In this regard, leasing can be a good alternative to make much use of products and get them back instead of selling them. This can also be investigated in the context of proposed integrated sales leasing problem.
